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^3( I Abstract. In this paper, by using the regulator map of Beihnson-Deligne, we show that the quan- 

'^'h . tization condition posed by Gukov is true for the SL2 (C) character variety of the hyperbolic knot 

r~^ ' m S . Furthermore, we prove that the corresponding C*-valued 1-form is a secondary characteristic 

class (Chern-Simons) arising from the vanishing first Chern class of the flat line bundle over the 
smooth part of the character variety, where the flat line bundle is the puUback of the universal 
■j. ■ Heisenberg line bundle over C* x C*. 

r^ , The second part of the paper is to define an algebro-geometric invariant of 3-manifolds resulting 

\^ • from the Dehn surgery along a hyperbolic knot complement in S'^. We establish a Casson type 



■3 



a 
> 



invariant for these 3-manifolds. In the last section, we explicitly calculate the character variety of 
the figure-eight knot and discuss some applications. 



CN ■ 1. Introduction 

>: 

f*>- , It is a very important question in the knot theory to find the geometric and topological inter- 

|0 ' pretation of the Jones polynomial of a knot. Observed by Kashaev jKasj . H. Murakami and J. 

Murakami |MMj . the asymptotic rate of (N-colored) Jones polynomial is related to the volume of 
(^ I the hyperbolic knot complement. It is known as the Volume conjecture. Following Witten's SU{2) 

^O ■ topological quantum field theory, Gukov |Gukj proposed a complex version of Chern-Simons theory 

and generalized the volume conjecture to a C*- parametrized version with parameter lying on the 
1-^ ' zero locus of the ^-polynomial of the knot in S^. 

C^ • In this paper, we prove that the quantization condition posed by Gukov |Gukl Page 597] is true 

for the hyperbolic knots in S^. The key ingredient of the proof is the construction of the regulator 
map of an algebraic curve studied by Beilinson, Bloch, Deligne and many others. Let K he a 
hyperbolic knot in S^. For each irreducible component Y of the zero locus of the ^-polynimial 
K> I A{l,m) of K, we show that the symbol {l,m} S K2{C{Y)) is a torsion. This element gives rise to 

j^ ■ a cohomology class r{l,m) in H^(Yh,C*), where Yh is some open Riemann surface. The detail is 

given in Section 3. As Deligne noted, H^{Yh,C*) is the group of isomorphism classes of flat line 
bundles over Yh. Thus, our class r{l,m) corresponds to a fiat line bundle. Indeed, this line bundle 
can be constructed explicitly as the pullback of the universal Heisenberg line bundle over C* x C*, 
see |BH IR ain] . We then derive a 1-form from this fiat line bundle and show that this l-form is the 
Chern-Simons class of the first Chern class Ci of the fiat line bundle r{l,m). Note that this is not 
the usual Chern-Simons class as a 3-form of the second Chern class for a 3-dimensional manifold. 
We also reformulate the generalized volume conjecture via this 1-form Chern-Simons class. 

Let Xq be the irreducible component of the character variety of K which contains the character 
of the discrete faithful representation associated to the hyperbolic structure of K. By |CGLSj . 
Xq is an affine curve. We study in detail the properties of its image in the character variety of 
the boundary (which is a torus) and the corresponding part in the j4-polynomial. Using Xq, we 
construct a new SL2{C) algebro-geometric invariant A(p, q) for the manifolds obtained by the {p, q) 
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2 WEIPING LI AND QINGXUE WANG 

Dehn surgery along the knot complement. Roughly speaking, our invariant X{p, q) is counting the 
intersection multiplicity of Xo with another affine curve in the character variety of the boundary. It 
does not require the non-sufficiently large condition in |(]ulj . Via our invariant and Culler-Shalen 
norm, we obtain an upper bound for the number of ideal points (with multiplicity) which are zeroes 
of the function /^. The definition of /^ is in Section 4 and its degree is the Culler-Shalen norm. 

Our point of view is that the component Xq should contain a lot of topological and geometric 
information about the knot and the Dehn fillings. Of course, the whole character variety may 
contain more information, but at present we still have little information about other components. 
It seems that the whole character variety is complicated in general. 

The paper is organized as follows. In section 2, we introduce the notations used in the paper. 
In section 3, we discuss the generalized volume conjecture and the regulator of a curve, then we 
prove the theorem about the quantization condition. In section 4, we define the algebro-geometric 
invariant X{p,q) of a hyperbolic knot, and study its properties. In the last section, we explicitly 
calculate several invariants of the figure-eight knot, for instance, its character variety, ideal points, 
and Culler-Shalen norm. Some applications of these calculations are also discussed. 



2. Terminology and Notation 

2.1. Let K hea knot in S"^ and Mk its complement. That is, Mk = S^ — Nk where Nk is the open 
tubular neighborhood of K in S"^. Mk is a compact 3-manifold with boundary dMx = T^ a torus. 
Denote by R{Mk) = Hom(^i(Mi^), 5L2(C)) and R{dMK) = Hom(7ri(aMi^), 5L2(C)). By jUS]. 
they are affine algebraic sets over the complex numbers C and so are the corresponding character 
varieties X{Mk) and X{dMK)- We also have the canonical surjective morphisms t : R{Mk) — > 
X{Mk) and t : R{dMK) — > X{dMK) which map a representation to its character. The natural 
homomorphism i : TTi(dMK) — > 7Ti{Mk) induces the restriction maps r : X{Mk) — > X{dMK) 
and r : R{Mk) — > rIoMk). 

2.2. Throughout this paper, for a matrix A G SL2(C), we denote by cr{A) its trace. 

2.3. Since 7ri(9M/^) = Z © Z, we shall fix two oriented simple curves fi and A as its generators. 
They are called the meridian and longitude respectively. Let Rd be the subvariety of R{dMK) 
consisting of the diagonal representations. Then Rd is isomorphic to C* x C*. Indeed, for p £ Rd, 
we obtain 



P(A) 



l 

ri 



and p{fi) 



m 

?TT,~^ 



then we assign the pair {l,m) to p. Clearly this is an isomorphism. We shall denote by to the 
restriction of the morphism t : R{dMK) — > X[dMK) on Rq. 

2.4. Next we recall the definition of the A-polynomial of K which was introduced in |CCGLS] . 
Denote by X'{Mk) the union of the irreducible components Y' of X{Mk) such that the closure 
r{Y') in X[dMK) is 1-dimensional. For each component Z' of X'{Mk), denote by Z the curve 
t~^ (r(y)) C Rd- We define Dk to be the union of the curves Z as Z' varies over all components 
of X'{Mk)- Via the above identification of Rd with C* x C*, Dk is a curve in C* x C*. Now by 
definition the A-polynomial A{1, m) of K is the defining polynomial of the closure of Dk in C x C. 
From now on, we shall assume that i^ is a hyperbolic knot. Denote by po • 7ri(M/v-) — > PSL2{C) 
the discrete, faithful representation corresponding to the hyperbolic structure on Mk- Note that 
po can be lifted to a SL2{C) representation. Moreover, there are exactly \H^[Mk','^2) = ^2! = 2 
such lifts. 
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3. j4-POLYNOMIAL, REGULATOR AND K2 OF A CURVE 

In this section, we briefly recall the generalized volume conjecture. Using the regulator map of a 
curve, we show that the form r(l,m) = ^{l,m) + ir]{l,m) over the 1-dimensional character variety 
Yh has exact imaginary part and the rationality of the real part. This provides an affirmative 
answer to Gukov's quantization over Yh- Moreover, dr{l,m) = y A ^ = 2TriCi{L) = justifies 
that r{l,m) is the Chern-Simons class from the first Chern class C\. 

3.1. Let Dk be the zero locus of the ^-polynomial A{l,m) in C^. Let yo S Dj^ correspond to the 
character of the representation of the hyperbolic structure on Mk and m(yQ) = 1. For a path c in 
Dk with the initial point yo and endpoint (/, in), the following quantities are defined in |Gukl (5.2)]: 

(3.1) Vol{l,m) = Vol{K)+2 /[- log |?|(i(argm) + log |m|d(arg/)], 

Jc 

(3.2) CS{l,m) = CS{K)-ir /"[log |m|dlog |/| + (arg/)rf(argm)], 

"^ Jc 

where Vol{K) and CS{K) are the volume and the Chern-Simons invariant of the complete hyper- 
bolic metric on Mk- 

In |Gukl (5.12)], Gukov proposes the Generalized Volume Conjecture: for a fixed number a and 
m = — exp(i7ra), 

(3.3) lim log'^Af(-g,e" ) ^ J_^y^i^i^ ^) ^ i2TT^CS{l, m)), 

N,k^oo;^=a k 27r 

where Jiy{K,q) is the A'^-colored Jones polynomial of K, Vol{l,m) and CS{l,m) as in (|3.1|) and 
(|3.2j) . are the functions on the zero locus of the A-polynomial of the hyperbolic knot K. Note that 
for m = 1 and o = 1, we get the usual Volume Conjecture: 

(3.4) l.m ^«^\MK,e^'""')\ ^ ]_y^,^^ 

^ ' N^oo N 27r ^ ^ 

The (generalized) volume conjecture links the Jones invariants of knots with the topological and 
geometric invariants arising from the character variety of the knot complement. The volume con- 
jecture has received a lot of attentions. But other than few examples being checked, there is no 
essential mathematical evidence to support this interesting conjecture. Understanding those terms 
in the generalized volume conjecture ()3.3|) would be the first step. 

For Vol{l,m) in ()3.1|) . it is understood that it measures the change of volumes of the represen- 
tations on the path c in Dk, the zero locus of ^-polynomial of the hyperbolic knot. See [(XX-rLST 
Sect. 4.5] and |Dun| Sect. 2] for more detail. 

For CS{l,m) in (|3.H) . to our knowledge, it has not been understood mathematically. It was 
derived from the point of view of physics, see |Guk| Sect. 3]. On the other hand, since Mk has 
boundary a torus T, by RSW and KK . its 3-form Chern-Simons functional is only well-defined 
as a section of a circle bundle over the gauge equivalence classes of T. By |KK| Theorem 3.2, 2.7], if 
Xt, i € [0, 1] is a path of characters of SL2{C) representations of Mx and z{t) is the Chern-Simons 
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invariant of Xt, then: 

z(lMO)-i = exp(27ri( r a§ - A) 

(3.5) ^\ '^^ ^* 

I [^ 

= exp( / (logm dlog/ — /o^f/ dlogm)) 

2m Jq 

where (a(t),/5(t)) is ahft of xt to C^, under the {l,m) coordinates, a = logm and/3 = log/ 

2Tri 2TTi 

for a fixed branch of logarithm. 

Up to scalar, (|3.5j) and (|3.2|) are not the same. Moreover, the Chern-Simons 3-form in |KKj is 
the secondary class from the second Chern class (a closed 4- form). The term in (|3.2|) defined in 
|Guk| (5.6)] is a 1-form. It may be the secondary class of the first Chern class (a closed 2-form) of 
some line bundle over Dk- 

In the following subsections, we show that dCS{l, m) is indeed arising from the first Chern class 
of a (universal) line bundle over the Heisenberg group. Furthermore, we relate both dVol and dCS 
to the imaginary and real parts of the secondary Chern-Simons class respectively. We also give a 
mathematical proof of Gukov's quantization statement of the Bohr-Sommerfield condition by using 
some torsion element of K2 and the regulator map. 

3.2. The regulator map of K2. Let X be a smooth projective curve over C or a compact Riemann 
surface. Let /, g be two meromorphic functions on X. Denote by S{f) (resp. S{g)) the set of zeros 
and poles of / (resp. g). Notice that S{f) U S{g) is a finite set. Put X' = X\ {S{f) U S{g)). 

Following Beilinson |Beij . see also jDej . we define an element r{f,g) G H^[X' ,C*), equivalently, 
as an element of Hom(7ri(X'),C*): for a loop 7 in X' with a distinguished base point io £ ^'j 

(3.6) r(/,5)(7)=exp(-i,(/log/^-logg(to) / f )), 

where the integrals are taken over 7 beginning at to- 

It is well-known that this definition is independent of the choices of the base point tg ^-iid the 
branches of log/ and log^f. From now on, we shall take \ogz : C* ^ C with < argz < 27r. Then 
it is well-defined, but discontinuous on the positive real line [0, +00) and it is holomorphic on the 
cut plane C \ [0, +00). 

In |Dej . Deligne noticed that H^{X' ,C*) is the group of isomorphism classes of the line bundles 
over X' with flat connections. Hence r(/, g) corresponds to such a line bundle with a flat connection. 

Proposition 3.1. (1) The curvature of the line bundle associated to the class r{f,g) is -t- A — ; 

(2) r{fif2,g) = r{fi,g) ® r{f2,g), r{f,g) = r{g,f)-^, and the Steinberg relation r(/, 1 - /) = 1 
holds iff ^0, f^l; 

(3) For X £ S{f) U S{g), let 7^ be a small simple loop around x in X' . Then r{f,g){^x) is equal to 
the tame symbol Tx{f,g) of f and g atx. 



Proof. See |Dej . For the explicit construction of the line bundle r{f,g), see |R,am| Section 4] and [bI] 
where the proof of this proposition was also given. The key construction is a universal Heisenberg 
line bundle with connection on C* x C*. To prove the Steinberg relation, the ubiquitous dilogarithm 
shows up. D 



Recall the tame symbol 



TM,g):={-ir^^^-''-^'^^ix), 
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where Vx{f) (resp. Vx{g)) is the order of zero or pole of / (resp. g) at x. 

Let C{X) be the field of meromorphic functions on X. Denote by C{X)* the set of non-zero 
meromorphic functions on X. By Matsunioto Theorem |Milj . 



K.(CiX))- CW0C(Xr 



(/ » (1 - /) : / 7* 0, 1> 



where the tensor product is taken over Z, and the denominator means the subgroup generated by 
those elements. For / and g G C{X)* , we denote by {/, g} the corresponding element in K2{C{X)). 
The part (2) of Proposition 13.11 implies that we have a homomorphism 

(3.7) r : i^2(C(X)) — > lim H\X \S,C*) 

SCX{C): finite 

defined by r{{f,g}) = r{f,g). 

3.3. Let Y be an irreducible component of Dk, the zero locus of the ^-polynomial A{1, m). Denote 
by y a smooth projective model of Y . Then their fields of rational functions are isomorphic, 
C(y) ^ C(y). We have the following. 

Proposition 3.2. The element {/,m} G K2{C{Y)) is a torsion element. 

Proof. By |CCGLSl Proposition 2.2, 4.1], there is a finite field extension F of OY) such that 
{l,m} G K2{F) is of order at most 2. We have a homomorphism i : K2{'C{Y)) -^ K2{F) induced 
by the inclusion of C(Y) into F. We also have the transfer map t : K2{F) — > K2{'C{Y)). It is 
well-known that the composition toi: 

K2{C{Y)) ^ K2{F) ^ K2{C{Y)) 

is given by the multiplication of n = [F : C(y)], the degree of the finite extension. Hence 
t(i({/,m}) = t[{l,m}) = n{/,7Ti}. This implies that {Urn} G i^2(C(y)) is a torsion and its or- 
der divides 2n. D 

Suppose the component Y contains y^ G Dk which corresponds to the discrete faithful character 
Xo of the hyperbolic structure and m^yo) = 1. Let S{l,m) be the finite set of poles and zeros of I 
and m. Put Yh = Y\ S{1, m) as the X' in §3.2. We choose the distinguished point to as follows. If 
yo is a smooth point, we take to = yoj if Ho is a singular point, we fix a point in the pre-images of 
yo in Y and take to as this fixed point. This is equivalent to fixing a branch at the singular point 

yo- 

Theorem 3.3. (i) The closed real 1-form ri{l,m) = log |/| daigm — log \m\ dargl is exact on Yh; 
(ii) For any loop 7 with initial point to = Xo ^'i ^/i 

If k 

-^ / (log|m|dlog|/| -h arg M arg m) = — , 

where k is some integer and N is the order of the symbol {l,m} in K2{C{Y)) . 

Proof. By (|3.7|) . we have an element r{l,m) G H^{Yh,C*). By Proposition 13.21 it is a torsion of 
order N. By the definition of r{l, m) in (|3.6|) . we conclude that for any loop 7 in Y/i, 

(3.8) {exp(J-( /■iog/^-logm(to) /f))}^ = l 

2m J^ m J^ I 
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r difn f dl 

Write / log/ logm-(to) -r = Re + ilm, where Re and Im are the real and imagi- 

__ , N-Im N-Re, ^, ^ 

nary parts respectively. (13.81) means that exp ( 1 ) = 1. Therefore, Im = and 

27r 2'iTi 

N ■ Re 

= 2mk, for some integer k. Our result follows from the following lemma. D 

2m 

Lemma 3.4. Denote J log/ ^ — logm(to) / y = i?e + ilm as above. Then 

Im = / (log |/|(iargm — log |m|(iarg/) = / r]{l,m,), 

J -y J -y 

and 

Re = — / (log |?Ti|(ilog |/| + arg/dargTTi) = / ,^(/,m), 

J'y J ■^z 

where ^{l,m) depends on the branches o/arg function and Re is well-defined up to (27r)^Z. 

Proof. Let F be a smooth non-zero complex- valued function, and F = Re{F) + ilm(F), where 
Re{F) denotes its real part and Im{F) its imaginary part. Then we have 

,, ^ dF d\F\ Re(F)dIm(F) - Im(F)dRe(F) 

dlogF:= — = ^ + I —^ 

So the real part of d log F is dlog \F\ which is exact and the imaginary part is denoted by darg F. 
By a straightforward calculation, we have 

Im = / (log |/|dargm + arg/c/log |m-|) — log |m(to)| / davgl. 

J'y J 'y 

Integration by parts, we obtain: 



arg/ • dlog |m| = log |r7T,(to)| / dargl — / log |m| • darg/. 

/ 'y J'y J'y 

Therefore, 

Im = / (log |/|(iarg rn, — log |rn-|(iarg/). 

J'y 

For the real part Re, it is equal to 

/ (log |/| dlog |rn,| — arg/ dargm) + argm,(to) / daigl. 

J 'y J 'y 

Integration by parts, we get 

/ log |/|(ilog |m| = — / log |m|dlog |/|. 

J 'y J ^ 

By the choice of to = Xpo-, argr?T,(to) = 0. Hence the result follows. D 

Remark, (i) The first part of the theorem was proved in |CCGLSl Sect. 4.2]. 

(a) The result of the second part is stronger than the one in |Gukl 3.29] where he derived that 
the value of the integral is in Q from the quantizable Bohr-Sommer field condition. 

(Hi) The class r{l,m) G H^iYh^C*) corresponds to a flat line bundle L over Y^ which is the 
pullback of the universal Heisenberg line bundle on C* x C*, see |Bll IRarn] . Formally, 

,/^/, X ., ^^ dl dm 

diiil, m) + ir]{l, m)) = — A = 0. 

/ m 

Hence, 2m^^^^^ m)-\-iri{l, m)) is the 1-form Chern-Simons. Denote it by CSi{l, m). Then dCSi{l, m) - 
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By Theorem K-J. 31 and Lemma mi we would like to propose the corresponding generalized volume 
conjecture as the following: 



For a path c : [0, 1] -^ Y^ with c(0) = to and c(l) = {l,m), denote 

U{1, m) = — (log |y|(ilog \x\ + avgxdaigy). 

J c 



For a fixed number a and m = — cxp(i7ra), we reformulate the generalized volume conjecture as 
the following: 

(3.9) hm }^^MEl^:::!^ = ^^Vol{l,m)+^^U{l,m)). 

' ' k 

Remark. By Theorem \3.^ fii). -ny-^U{l,m) is well-defined mR/-^Z. The classical Chern-Simons 
invariant is well-defined in M/Z. 

H3.9() gives a C*-paramatrized version of the volume conjecture. Using Fuglede-Kadison determi- 
nant, W. Zhang and the first author LZ defined an L'^-version twisted Alexander polynomial which 
can be identified with an L'^-Reidemeister torsion. By Luck and Schick's result, this L^-Alexander 
polynomial provides a C*-parametrization of the hyperbolic volumes. 

For other discussions on the volume conjecture, see |Uhl Sections 1.3, 7.3] and the related refer- 
ences within. 

4. SL2{C) Character Variety and a New Knot Invariant 

In this section, let K be a hyperbolic knot in S^ and Mk its complement. Then Mk is a 
hyperbolic 3-manifold of finite volume with boundary dM^ a torus. Since Mk is hyperbolic, there 
is a discrete faithful representation po £ R{Mk) corresponding to its hyperbolic structure. We 
denote by Rq an irreducible component of R{Mk) containing pQ. Let Xq = t{Ro). By [(]Sj . 
Xq C X{Mk) is an irreducible affine variety of dimension 1. 

4.1. The curve of characters. In this subsection, we give some elementary properties about the 
character varieties and its component Dq. 

Since dMx is a torus, we identify RiOMx) with the set {{A,B)\A,B £ SL2{C),AB = BA}, 
where A = p{n), B = p{X) for p a representation of 7ri{dMK) in SL2{C). As in Section 2.3, 
Rd C R{dMK) is the subvariety consisting of the representations of diagonal matrices. We have 
the isomorphism p : R£) ^ C* x C* defined by p{p) = (m, I) if 



Pilj) 



m 
m^^ 



P(A) 



/ 

ri 



Let Rd be identified with C* x C* via p. By the proof of [UHl Proposition 1.4.1], x G X^dMx) is 
determined by its values on p, A and pX. Define a map t : R{dM) -^ C^ by t{p) = {a{p{p)),a{p{X)), a{p{pX))) 
. Then X{dMx) = t{R{dMx))- This map is the regular surjective morphism t : R{dMx) — > 
X{dMK)- That is why we use the same letter t. The map tn, the restriction of t on R^ = C* x C*, 
is given explicitly by, for (m, I) £ C* x C* , 



toifn^l) = {m + m ,1 + 1 ,ml + m I ). 

It is straightforward to check that t^iC* x C*) = XidM^) and i/j is 2 : 1 except at four points 
(ibljibl) where it is 1 : 1. 

We have the following diagram: 
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RiMx) ^ Ro Dq = t^H^o) C C* X C* = i?D C R{dMK 



D 

to 



X{Mk) DXo = t{Ro) -^-^ Yo = r{Xo) C X{dMK). 

First we characterize the map t^ and the character variety X{dM). 

Proposition 4.1. The map to '■ Rd = C* x C* ^ X[dMK) is a finite morphism. 

Proof. The afRne coordinate ring for C* x C* is C[x,x^^,y,y^^. Notice that tjj is surjective, we 
can identify the coordinate ring of X{dMK) with the sub-ring C[x + x~^,y + y~^,xy + x~^y~^] of 
C[x,x~^,y,y~^. Let t = x + x~^, then x and x~^ are roots of the equation X^ — tX + 1 = 0. Hence 
X and x~^ are integral over C[x + x~^,y -\-y~^,xy + x^^y^^], so are y and y^^- Now x, x^^, y, y~^ 
are integral over C[x + x~^,y + y~^,xy + x~^y~^], it follows that C[x,x~^,y,y^^] is also integral 
over it. Therefore, to is finite. D 

Proposition 4.2. The character variety X^dAlx) is a surface in C^ defined by 

(4.1) x'^ + y'^ + z^ -xyz-4: = 0. 

Proof. Let x, y, z be the traces of a = p{fj-), b = p{X), c = p{pX) respectively. By the formula 
^.141). we have 



a{{ab)a-^b-^) = a{ab)a{a-^b-'^) + (j{a-^)cF{a) + cr{b-^)(j{aba-^) - a{ab)a{a-^)(j{b-^) - a{I). 

Since a and b commute, a{{ab)a^^b^^) = cr{I) = 2, where / is the 2x2 identity matrix. This 
gives the equation (|4.1I) by (|5.11() and ()5.12() . Hence, X(dMK) is contained in the surface in C^. 

On the other hand, let {x,y,z) G C^ be a solution to (|4.1I) . It is a straightforward calculation 
that we can find {m, /) G C* x C* such that x = m + m~^, y = I + l~^, and z = ml + m~^l~^. 
Hence the result follows. D 

For each 7 G 7ri(Mx), there is a natural regular map I^ : X{Mk) -^ C defined by /^(x) = xil)- 
The set of functions I-y, 'j £ '7Ti{Mk) generates the affine coordinate ring of X{Mk)- Moreover, by 
|(XtLS| Proposition 1.1.1], for each nonzero 7 G tti^OMk), the function I^ is non-constant on Xq. 
This implies that r(Xo) C X{dMK) has dimension 1. We set Yq = r{Xo), the Zariski closure of 
r(Xo) in X{dMK)- Then Yq is an irreducible affine curve. Denote by Dq the inverse image f^ (^)- 

Proposition 4.3. (i) The inverse image Dq C C* x C* is an affine algebraic set of dimension 1; 

(ii) the image of each 1-dimensional component of Dq under to is the whole Yq; 

(Hi) Dq has no Q- dimensional components and has at most two 1-dimensional components. 

Proof, (i). As Yq is closed, so is Dq = f^ (Yq). Thus Dq and Yq have the same dimension 1 because 
to is finite by Proposition 14.11 

(ii). Next we show that if ^ is a 1-dimensional irreducible component of Dq, then toiV) = ^• 
In fact, since a finite morphism maps closed sets to closed sets, t^iV) C Yq is closed, irreducible 
and its dimension is 1. Hence toiY) = Yq due to the irreducibility of Yq- 

(iii). Suppose that Dq has three distinct 1-dimensional components Vi, \ < i < 'i. Since the 
Vif^Vj., i i^ 3 are empty or finite sets, we can choose yo G ^0 such that yo ^ ioiyi H Vj) for \/i ^ j. 
We see that toiYi) = ^O) hence t~j^ (yo) has three elements. This contradicts that t^ {y) has at most 
two elements for any y G Yq. Therefore, Dq has at most two 1-dimensional irreducible components. 

Now we show that it has no 0-dimensional components. Consider the morphism o" : C* x C* — > 
C* X C* defined by cj{m, I) = {m^"^ , ^^^)- It is an involution and hence an automorphism of C* x C* 
with ct{Dq) = Dq. So it is an automorphism of Dq when restricting on it. Therefore it maps 
1-dimensional component to 1-dimensional component. Now for any y G Yq, ct permutes elements 
of tf~) [y) and at least one element of t^ (y) is contained in some 1-dimensional component since to 
maps every 1-dimensional component onto Yq. Therefore, no 0-dimensional component for Dq. D 
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Remark. For the character variety X{Mk), by |(XXirLS| Proposition 2.4], there is no zero- 
dimensional components of X{Mk)- Proposition \4-3[ part (Hi) shows that Dq in Rd C R^OMk) 
has no O-diTnensional components. 

In summary, we have the fohowing two cases: 

(I) Dq itself is an irreducible affine curve; 

(II) Do = ^1 U V2, where Vi are two 1-dimensional irreducible components. Each is an irreducible 
affine curve with t£){Vi) = Yq, i = 1,2. Moreover, they are isomorphic to each other under the 
involution a by Proposition 14.31 (iii) . We also have to '■ Vi ^> Yq is a one-to-one and onto regular 
map. 

4.2. Invariant and Dehn Surgery of Hyperbolic Knots. In this subsection, we define an 
algebro- geometric invariant of the 3-manifolds K[p/q) resulting from the (p, q) Dehn surgery along 
a hyperbolic knot complement in 5*^. A Casson type SL2{C) invariant for K{p/q) is also established. 

Let AQ{m,l) be the defining equation of the closure of the affine curve Dq in C x C We also 
require that it has no repeated factors. It is a factor of the ^-polynomial of the knot K defined in 
|(XXtLS] . and AQ{m, I) is the ^-polynomial of Xq defined in [BZ. Page 109], where d is the degree 
of regular map r : Xq -^ Yq. 

Denote by Xq (resp. Yq) a smooth projective model of the affine curve Xq (resp. Yq). The 
restriction morphism r : Xq -^ Yq induces a regular map r : Xq — > Yq. 

Lemma 4.4. The regular map r is an isomorphism. 

Proof. By our assumption, Mk is the complement of a knot in S^, hence H^{Mk','^2) = ^2- By 



|Dunl Corollary 3.2], r is a birational isomorphism onto r(Xo). Since r is induced by r, the result 
follows. D 

Let 7 = p/i + gA G Hi(dMK','^) be a non-zero primitive element with p,q coprime. Define a 
regular function /^ = I^ — 4 on Xq. Since I^ is nonconstant, so is f^. It is also a meromorphic 

function on Xq or equivalently, a non-constant holomorphic function from Xq to CP and we denote 
it again by /^ . 

Since 7 G -ff 1 (3M/^ ; Z) , we can think of I^ as a regular function on Yq in X{dM). Define on 
Yq the function f' = I^ — 4. Similarly, it is a non-constant regular function on Yq, and hence a 

non-constant holomorphic function from Yq to CP , denoted also by /' . Then by the definition, we 
have 

f, = f!y07. 

In particular, degf-y = deg/' by Lemma ^31 

We denote by Z.y the set of zeroes of the function f.y on Xq. If x G Z.y, then there exists a 
representation p £ Rq such that its character xp = X- 

Lemma 4.5. Suppose xp ^ Z^^. Then either p{'~f) = ±7 or p{'~f) 7^ ±7 and cr(p(a)) = ±2 for all 
a G TTiidMK). 

Proof. Note that f-yixp) = is equivalent to that the trace of ^(7) is ±2. If ^(7) 7^ ±1, then p{'y) is a 
parabolic element in SL2{C). Since pi^j) and p{a) commute for all a G 'iTi{dMK), cr{p{a)) = ±2. D 

Suppose that p £ Rq C R{Mk) is irreducible. Then its character Xp is contained in the compo- 
nent Xq. Assume that p{p) and p{\) are parabolic. Up to conjugation, we have 



p{lA 



1 1 
1 



P(A) 



1 t{p) 
1 



where t{p) is a complex number. We have the following: 
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Conjecture 1. Let p ^ Rq be an irreducible SL2{C) -representation of a hyperbolic knot in 5^. // 
p{p) and p(X) are parabolic, then t{p) ^ Q. 

Remark. (1) If p = pQ is the discrete faithful representation of the hyperbolic structure, then we 
know p[p) and p{\) are parabolic and t{pQ) is called the cusp constant and the cusp polynomial is 
the minimum polynomial for t{pQ) over Q. Moreover {l,t{pQ)} generates a lattice of C Therefore, 
t{po) ^ M. For more detail, see \CL\ Section 6]. So t{p) can be thought of as the generalization of 
the cusp constant. 

(2) The conjecture can not be extended to non-hyperbolic knots. There is an example in |RilH 
Section 5] of an irreducible parabolic representation p of alternating torus knot such that t{p) G Z. 

The conjecture is true for the figure-eight knot. In fact, for the figure-eight knot, by Proposition 
15.41 if p satisfies the condition of the conjecture, then it must be the discrete faithful representation 
of the hyperbolic structure. By the remark, t{p) ^ M. 

Proposition 4.6. Suppose the above conjecture is true. Let j = pp-{- qX € Hi{dMK\ Z) with p, q 
non-zero coprime integers. Let xp ^ ^-^ ^^ the character of an irreducible representation p. Then 
p{'y) = ±1 if and only if the trace of p{p) is not equal to ±2. 

Proof. If the trace of p{p) is not equal to ±2, then p{p) is not parabolic or ±1. Since p{p) and p{'^) 
commute, /9(7) is not parabolic. Since xp £ ^-f, ^{p{l)) = =t2. Thus, we obtain /9(7) = ±7. 

Next suppose that the trace of p{p) is equal to ±2. We show that ^(7) / ±7. There are two 
cases. 

Case I. p{p) = ±7. We know that the 1/0 Dehn surgery produces S^. Hence p induced a repre- 
sentation of 7ri(S'^) in PSL2{C). It is trivial. Therefore, the image of p in SL2{C) is contained in 
{±7}. So p is reducible. This contradiction shows that Case I can not happen. 
Case II. p{p) is parabolic. Since p{p) and p(A) commute, up to conjugation, we can assume that 



p(m) 



1 1 
1 



, P(A) 



1 t{p) 
1 



Now -f = ppi + qX, so p(7) = p{pYp{XY. If t{p) = 0, ^(7) / ±7 unless p = Q. If t{p) / 0, by the 
assumption t{p) ^ Q, then ^(7) 7^ ±7. D 

Proposition 4.7. Suppose x ^ Z^ is the character of a reducible representation p. Then xif^) ¥" =^2 
and p{'~f) = ±7. 

Proof. Let m be an eigenvalue of p{p). By |(XXtLS( Proposition 6.2], rri^ must be a root of the 
Alexander polynomial A(t) of the knot. It is well-known that A(l) 7^ 0, hence m 7^ ±1 and 
xip) 7^ i2. This also means that p{p) is not parabolic or ±7. Since p{p) and ^(7) commute and 
the trace of ^(7) is ±2, we must have ^(7) = ±7. D 



Remark. Compare with Proposition^^ for the reducible characters, it is much simpler and there 
is no need of the conjecture. 

Let E{p,q) be the reducible curve m'^l'^ = ±1 in C* x C* for p,q coprime integers. Then the 
image t^iEip, q)) is a curve in X{dMK). We know r(Xo) is an irreducible curve in X{dMK). They 
do not have common irreducible component because the traces of characters of Xq are not constant. 
Hence tj:,{E{p,q))r\r{XQ) is finite. The set tD{E{p,q))^r{XQ) consists of possible characters in Xq 
which can also be the characters of K{p/q), where K{p/q) denotes the closed 3-manifold obtained 
from Mk by the Dehn surgery along the simple closed curve of dMx which represents the class 7 
in 77i (5i\7i^ ; Z) . The following definition should be thought of as the algebra- geometric invariant 
for the (p, q) Dehn surgery of Mk ■ 
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Definition 4.8. 

X&D{E{p,q))nr{Xo) 

where n^ is the intersection multiplicity at x- 

Theorem 4.9. The integer b{p, q) is a well-defined invariant of the 3-nianifold K{p/q) resulting 
from the Dehn filling on the hyperbolic knot complement Mk- It is always positive. 

Proof. As mentioned above, the set tDiE{p,q)) H r(Xo) is finite and hence b{p,q) < oo. On the 
other hand, because Xpo(m) — ^'^^ Xpo is always contained in this set, where po £ Rq is the discrete 
faithful representation of the hyperbolic metric. Therefore, b{p, q) > 0. 

The intersection between t£){E{p, q)) and r(Xo) is taking place in the surface X{dMK) described 
in Proposition 14.21 If two hyperbolic knots Ki and K2 are homeomorphic, then they have the iso- 
morphic fundamental groups of their complements in S'^ , hence they have isomorphic Xq. Therefore, 
they have the same b{p, q). Thus b{p, q) is an invariant of K{p/q) depending only on the hyperbolic 
knot K and the Dehn surgery coefficient p/q. D 

Now set S{p,q) = {x G tD{E{p,q))f^r{X^)\x{^i) + ±2} C r{X^) C X{dM). 

Proposition 4.10. Suppose the conjecture 1 is true. Then S{p,q) is exactly the set of characters 
in Xq which are also the characters of K (p/q). 

Proof. This follows from the definition of S{p, q) and Proposition 14.61 D 

Definition 4.11. 

A(p,g)= Yl ^x' 

X&S{p,q) 

where n^. is the intersection multiplicity at x- 

By Proposition 14.71 the set S{p,q) contains all possible reducible characters. Hence the number 
\{p, q) counts both irreducible and reducible characters of K{p/q). From the mathematical physics 
point of view in Gu^l, it is important to count both irreducible and reducible representations in 
SL2{C) case. It is easy to count the abelian and non-abelian reducible characters, so there is a 
computable way to count the irreducible characters for K{p/q). 

Theorem 4.12. Assume the conjecture 1 is true. The quantity X{p,q) is a well-defined algebro- 
geometric SL2{C) Casson type invariant of K {p/q). 

Proof. It follows from Theorem 14. 91 and Proposition 14. lUl D 

Note that by definition, X{p,q) < b{p,q) for any coprime p, q and a hyperbolic knot in S^. 

The invariant X{p,q) is for the hyperbolic knot and its {p,q) Dehn surgery. An SL2{C) knot in- 
variant obtained from the character variety of 1-dimensional components is given by the first author 
in ^ij. The construction in ^ij was purely topological by choosing generic smooth perturbations 
and generic values of xif^)- The topological definition of the Casson-type invariant is not easy to 
calculate. Our invariant X{p,q), defined via the intersection multiplicity, is easier or at least very 
explicit for computation. It can also be interpreted as the intersection cycles of the appropriate 
cohomology classes of X{dM). 

Proposition 4.13. If X{p,q) > 0, then TTi{K{p/q)) is non-cyclic. 

Proof. (1) If X{p,q) > 0, then there exists p £ Rq such that its character xp ^ S{p,q). Hence 
Ffiixp) / 0) ^-iid F^{xp) = 0- By |CGLS[ Proposition 1.5.2], there exists a representation from 
TTi{K{p/q)) to PSL2{C) with non-cyclic image. The result follows. D 
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Remark. (1) Our invariant X{p,q) is defined as the algebraic intersection multiplicity in X{dM) 
from the Xq component. This is different from the definition in |('ulj where the number X{Kp/q) is 
defined over all components of X{M) and the intersection is taken in different space. 

(2) For hyperbolic knot K , K{p/q) may not be NSL manifold. For the component Xq, the inter- 
section in |Culj is r(Xo) n {toifQ (r(Xo)) n {nnPl'^ = 1})). This is different from our Definition 
\4-ll\ Moreover, the intersection multiplicity of an intersection point in X{dMK) is counted by its 

multiplicity in X{K{p/q)) via an appropriate Heegaard splitting of K{p/q) in |Culj . 

(3) It would be interesting to prove that the two character varieties of Heegaard handle-bodies are 
smooth and their intersection is always proper. In |FM1 Section 4], Fulton and MacPherson only 
sketched an argument that if the two smooth subvarieties intersect properly, then the topological 
intersection multiplicity agrees with the algebraic intersection multiplicity . 

In |(XtLS| Section 1.4], a norm |.| is defined on the real vector space Hi{dMK,'^) with the 
property that I7I = deg/^y for any 7 G Hi{dMK,'^). This norm is called the Culler-Shalen norm. 
In particular, I7I = deg/^. 

Let vr : Yq ^ ^0 be the birational isomorphism. Note that vr is well-defined only on a Zariski 
dense subset of Yq and is surjective. A point of the set I = Yq\ 7r~^(lo) is called an ideal point. 
Denote by Z' the set of zeroes of the meromorphic function f'-.Y^^C Then 

deg/^ = ^Vy, 

where Vy is the order of vanishing of /' at y. 

Set Zi = {y £ Z' \TT(y) £ S{p, q)} and I{p, q) = Z' n I. Now we have another quantity: 



(4.2) X(p,q)=Y^ 



y 



yez 



The natural question is to find the relationship between X{p,q) and X{p,q) of the Definition 14.111 
It seems that there is no easy answer to this question. See the remark below. Nevertheless, we 
have the following: 

Proposition 4.14. Assume that for every x G S{p,q), tD{E{p,q)) intersects r(Xo) transversely at 

X. Then 

(i) X{p,q)<X{p,q), 

(ii) X{p, q) + I{p, q) < degf^, where I{p, q) = Y.x€l{p,q) '^^■ 

Proof. If the intersection is transverse, then intersection multiplicity n^. = 1. The order of vanishing 
is at least one, hence (i) holds. 

For (ii), note that Zi and I{p, q) are subsets of Z^. Thus, X{p, q) + I{p, q) < deg/^ = degf-y. D 

Remark. If the intersection is not transversal, for instance, some X ^-^ a singular point o/r(Xo), 
then we do not know how to compare them. One difficulty is that when x ^s a singular point, there 



than one element in Yq and each of them is a zero of f'. 



is NO well-defined notion of the order of vanishing of f' at x inYQ. Moreover, vr (x) has more 



'7' 

5. An Example: The Figure Eight Knot 



Throughout this section, we shall denote by M the complement of the figure-eight knot in S^. 
we compute its character variety and give some applications. 

It is well-known that 7ri(M) is given by two generators and one relation: 

(5.1) 7ri(M) =< a,(3\R{a,l3) >, R{a,l3) = (3'^a'^ fiap-^afia-^ P'^a, 
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where a, (3 are meridians, and they are conjugate to each other (5 = 6a6~^ with 5 = a^^ f3aP^^ . 
Set r = af3~^a~^f3, we have a peripheral subgroup TTi{dM) 

(5.2) 7ri(aM) =< a, A >; A = t-^6 = [3'^ afSa'^ a'^ fiafi'^ , 

where a is the meridian and A is the longitude. Note in this section, we use a for the meridian 
instead of /i. 

Let us consider its character variety X{M). We use (|5.H) for the presentation of ti\{M). For 
a 5-L2(C)-representation p G R{M), its character x is determined by xioi)i xiP)i ^-^d x("/3)- We 
have the morphism t : R{M) -^ C^, t{p) = (x(a), x(/3),x(a/9)) and X{M) is the image t{R{M)). 
Let {x,y,z) be the affine coordinate for C^. 

Proposition 5.1. The affine variety X{M) C C^ is defined by the following equations: 

(5.3) X = y, 

(5.4) {x'^ -z- 2){z'^ - (1 + x'^)z + 2x^ - 1) = 0. 

In particular, we can identify X(M) with the affine plane curve {{x, z) £ C^|(j;^ — z — 2){z'^ — (1 + 
x'^)z + 2x'^ — 1) = 0}. It has two irreducible components. 

Proof. Since a is conjugate to /3, x = x('^) = x{P) = U- Hence 1)5. 3() follows. For the second equa- 
tion, by |Whl Theorem 1] , the factor x'^ — z — 2 corresponds to characters of abelian representations, 
and the other one corresponds to the characters of non-abelian representations. D 

By the preceding proposition, the component defined by the equation z^ — (l + x^)z + 2x^ — 1 = 
consists of the characters of non-abelian representations, in particular, it contains the discrete 
faithful representations of the complete hyperbolic metric of M. We denote this component Xq. 
Hence we have : 

Corollary 5.2. The component Xq is an irreducible smooth curve in C'^ with the defining equation: 

(5.5) z'^ -{l + x'^)z + 2x'^ -1 = 0. 

Proof. We only need to check that (|5.5jl defines a smooth curve. Let /(x, z) = z"^ — {l+x'^)z+2x'^ — 1. 
Then -^ = —2xz + 4x and -^ = 2z — 1 — x"^ . It is straightforward to check that their is no common 
solution to the equations ^^ ~ az ~ •^(^' ^) ~ ^' Hence, the curve is smooth. D 

Corollary 5.3. There are exactly two reducible characters on Xq and they correspond to the points 

(±\/5,3). 

Proof. Let p be a reducible representation whose character lies on Xq. Let m be the eigenvalue 
of p{q). By |(XXtLST Proposition 6.2], m? must be a root of the Alexander polynomial A(i) = 
t^ — 3t -|- 1 of the figure-eight knot. Thus, 



, /3±^/5 ±^/5±l ^ , , .. -1 , /7 

m = ±\l — - — = ; and x = a[p[a)) = m + m = ±v 5. 

Plug in 1)5. 5() . we get z = ?, with multiplicity two. Now it is easy to check that (± y^, 3) are 
exactly the intersection points of Xq and the component x^ — z — 2 = 0. Since the latter component 
consists of abelian characters, the result follows. D 

Remark. Two inequivalent reducible representations may have the same character. The points 
(ib\/5, 3) above are such examples. They are the characters of both some abelian representation and 
non-abelian reducible representation which are clearly not equivalent. 
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Proposition 5.4. Suppose that x ^ ^o <^''^d x(ct) = =t2. Then x is the character of a discrete 
faithful representation. 

Proof. Plug X = ±2 in H5.5() . we get z^ — 5z + 7 = and hence z = — 2^- ^^^ following 
representation 9 : 7ri(M) -^ PSL2{C) was given in |Ril2j : 



e(a) 



1 1 
1 



eip) 



1 

-UJ 1 



where to = ~ ^~ is a primitive cube root of unity. By |Ril2l Theorem 1], ^ is an isomorphism. 
Thus, is a discrete faithful representation of 7ri(M). Let 9 be the complex conjugation of 6*. It is 
straightforward to check that the four points (±2, — 2^) correspond to the SL2{C) characters of 
the lifts of 9 and 9. The result follows. D 

Denote by CP the complex projective plane. We use [X : Y : Z] to represent its homogenous 
coordinates. We will identify C^ with the open subset {[x : 1 : z]|(x, z) G C^}. Note this is different 
from the^ standard notation. ^^ 

Let Xq be a smooth projective model of Xq. We have the following explicit description of Xq in 

cp2. 

Proposition 5.5. Xq is an elliptic curve and defined by the equation in CP ; 
(5.6) YZ^ -Y'^Z-X^Z + 2X'^Y -Y^ = 0. 

Proof. Equation (|5.5|) is the defining equation of Xq. Substitute x = y, z = y^ and we get 
1)5.61) . That is, it is the projective closure of Xq in CP . It suffices to show that it is smooth. Let 
F{X, Y, Z) be the left-hand side of (|5.6() . It is elementary to check that except (0, 0, 0), there is no 
common solution to the equations qj^ — W ~ dz ~ ^- Hence, it is smooth. Since (|5.6)) is a cubic 
equation in CP , Xq has genus 1. D 

Corollary 5.6. Xq has exactly two ideal points [1:0:0] and [0:0:1]. 

Proof. The ideal points correspond to y = 0. This gives X^Z = 0. Thus, X = or Z = 0. D 

Next, we explicitly construct the restriction map r : Xq -^ X{dM) induced by the inclusion 
i -.TTiidM) ^7ri(M). 

Theorem 5.7. The map r : Xq -^ X{dM) G C^ is given by the formulas: 

r{x,z) = {x, F{x, z),G{x,z)); 

where F{x, z) = x^ — 5x^ + 2 is the trace of the longitude X, and G{x, z) = {Ax — x'^) z + {x^ —Ax'^ — x) 
is the trace of aX. 

We will postpone the proof of Theorem 15. 71 to the end of this section. Instead, we first discuss its 
applications. The reason is that the proof itself is elementary and lengthy, and probably is known 
to the experts. However, we can not find it in the literature. So we include here for completeness. 

Denote by xq = [0 : : 1] and xi = [1 : : 0]. By Corollarv 15.61 they are the only ideal points of 

Xq. 

Lemma 5.8. (1) Both xq and xi are poles of the meromorphic functions fa and f\. Their orders 
are: Vxoifa) = VxAfa) = 2, and Vxoifx) = Vx^{f\) = 8. 
(2) The Culler-Shalen norm |(1,0)| = 4 and |(0, 1)| = 16. 

Proof. (1) By Theorem 15. 71 for x = {^i z) G ^O) laix, z) = x and Ix{x, z) = F{x, z) = x^ — 5x^ + 2. 
Since /q, = I^ — 4 and f\ = l\ — 4, it is sufficient to show that Vxoifa) = Vx^ila) = 1) and 
Vxoih) =Vxiih) =4. 
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On Xq, substitute x = y, z = y, we get for [X :Y : Z] ^ Xq, 

V vA KY2y2 i OV^ 

U[X ■.Y:Z]) = -, and h{[X ■.Y:Z]) = ^^ . 

First, we consider xq = [0 : : 1]. Let C/3 = {[X : Y : Z]\Z ^ 0}. Then it is an open subset 
containing xq. f/3 is identified with C^ via x = -^ and y = -^, where {x,y) are affine coordinates of 
C^. Dividing by Z^ the both sides of the equation H5.6|) of Xq and substituting x = ^ and y = -^, 
we get the affine equation in U3 = C'^: 

9{x, y) =y -y"^ -x"^ + 2x^y - y^ = 0. 
Under this identification, xq is the origin (0,0), Ia{x,y) = | and I\{x,y) = (|)^ ~5(^)^ + 2. Since 
^ = 1 — 2y + 2x^ — 3y^ and ^^(0, 0) 7^ 0, the function x is a local parameter of the local ring of 
regular functions at (0,0). Solve g{x,y) = 0, we get 

Ia{x,y) = - = x'^u{x,y), where'u(x,y) = -— -— , n(0,0) / 0; 

y 2y- 1 

and 

I\{x,y) = x~ w{x,y), wh.eiew{x,y) = u — 5x u + 2x , u;(0, 0) 7^ 0. 
Therefore, xq is a pole of la of order 1, and it is a pole of Ix of order 4. 

For XI = [1 : : 0]. Let Ui = {[X : Y : Z]\X / 0}. Ui is identified with C^ via y = ^ and z = §, 
where {y, z) are affine coordinates of C^. Similarly, we obtain the affine equation in Ui = C^: 

Kx, y) = yz^ -y'^z - z + 2y-y^ = 0. 

Now xo is the origin (0,0), Ia{x,y) = y~^ and Ix{x,y) = y~^ — 5y^^ + 2. Since f|(0, 0) 7^ 0, the 
function y is a local parameter of the local ring of regular functions at (0, 0). Thus, xq is a pole of 
la of order 1, and it is a pole of Ix of order 4. 

(2) By definition, |(1,0)| = degfa = v^,{fa) + i^xi(/a), by (1), |(1,0)| =2 + 2 = 4. Similarly, 

1(0,1)1=8 + 8 = 16. D 

Use this lemma, we can compute the Culler-Shalen norm \{p, q)\ for any 7 = pa+q\ S Hi(dM, Z). 

Proposition 5.9. For each 7 = pa + gA G Hi(dM,Z), the Culler-Shalen norm \'j\ = \{p,q)\ = 
2{\p + Aq\ + \p-Aq\). 

Proof. By Lemma |(XirLS| 1.4.1, 1.4.2], for each ideal point x, there is a homomorphism cpx '■ 
Hi{dM, Z) -^ Z, such that, for each 7 = pa + qX, 

^^(A) = |</'x(7)|, and|7| = ^ \(t>x{l)\; 

x: ideal point 

where Vx{f-y) denotes the order of pole of /^ at x. For our case, we have two ideal points xq and 
xi. By LemmaEHl we get |(/'a;o(a)| = 2, \<l)xoW\ = 8, \4>xiia)\ = 2 and |</>xi(A)| = 8. Since (px^ are 
homomorphisms, we obtain that |<;/>Xi(7)| = | ± 2p ± Sg'l, i = 1, 2. Therefore, we obtain that either 

|0xo(7)l + \(PxA7)\ = |2p + 8q\ + \2p + 8q\, 
or 

|0xo(7)l + \^xA7)\ = |2p + 8q\ + \2p - 8q\. 
We claim that the first case can not happen. Suppose not. Take 7 = —4a + A, then I7I = 
|'/'a;o(7)l + l</'xi(7)| = 0. Hence deg/^ = I7I = 0. This is impossible because /^ is not constant. Thus 
the claim is proved and I7I = \{p, q)\ = 2{\p + 4g| + \p — 4g|). D 

Next let M(0) be the closed 3-manifold obtained by the Dehn surgery of M along the longitude 
A. It is known that M(0) admits an essential torus Boy} Page 200]. By Theorem 15. 7( we show that 
M(0) has non-abelian infinite fundamental group. 
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Proposition 5.10. The fundamental group 7ri(M(0)) is a non-abelian, infinite group. 

Proof. Suppose that p E R{M) with the property that its trace o"(p(A)) = 2. Now by Proposition 
15 .71 we have: 

j;^ - 5x2 + 2 = 2 

where x = a{p{a)). Solve this equation, we get x = or x = ±\/5. By Proposition 15. H there exists 
po G R{M), such that a{po{a)) = and a{po{X)) = 2. In particular the eigenvalues of po{ct) is ±z. 
By |CCGLSl Proposition 6.2], po is an irreducible representation. On the other hand, since poia) 
and po{X) commute and po{a) is not parabolic, po{X) must be the identity matrix. Hence po induce 
a representation of 7ri(M(0)). The irreducibility of po implies that 7ri(M(0)) is not abelian. 

Similarly, let p/^ G R{M), such that cr{p/^{a)) = \/5 and o"(p /^(A)) = 2. By the same reason, 
yO /g(A) equals the identity matrix. Hence p^ induces a representation of 7ri(M(0)). We can check 
that the image of p /^ in SL2{C) is torsion-free. Therefore, 7ri(M(0)) is not finite. D 

Remark. We know that M(0) is not a hyperbolic manifold. 0/1 is the one of the ten exceptional 
surgery slopes of the figure-eight knot. It is interesting to know that we can prove its fundamental 
group is non- cyclic, non-abelian and infinite just from the elementary computations. 

Let M(3) be the closed 3-manifold obtained by the Dehn surgery of M along the simple closed 
curve 7 = 3a + A. 

Lemma 5.11. M(3) has exactly three irreducible SL2{C) characters. 

Proof. Since 7ri(M(3)) = (7ri(M)|a^A = 1), we have an embedding of character varieties X(M(3)) ■^^ 
X(M). On the other hand, Xq is the only component of X{M) containing characters of non-abelian 
representations. Thus, the irreducible characters of M(3) are contained in the set S = {x\x ^ 
Xo,x{a^X) = 2}. By KWi . we have 

(5.7) x(a^A) = x(a)x(aA) - x(A), 

and 

„3\\ ^„.\^,f„2 



X{a A) =x{a)x{a A) - x(aA) 

(5.8) 2 

=(x(a) - l)x(aA) - x{a)xW- 

By Theorem 15.71 we obtain 

(5.9) (x^ - 1) [(4x -x^)z + x^ - 4x^ - x] - x(x'' - Sx^ + 2) = 2. 

It is clear that the set S is exactly the common solutions to equations (|5.9() and 1)5. 5|) . Note when 
X = 1, ()5.9() holds and is independent of the values of z. From ()5.5() . when x = 1, z = 1. So 
(l,l)eS. 

We solve z in terms of x from 1)5. 9() . then plug in (|5.5() and simplify the expression, we get 

(5.10) C(x) = x*^ - 4x^ + 2x2 + 4x + 1 = (x^ - 2x - 1)^ = 0. 

It has two solutions x = 1 it \/2- Hence the set S has three elements. They are not equal to ±2 or 
=bv5. By Corollarv 15.31 x ^ ztyS implies that each one is an irreducible character. By Proposition 
15.41 and 14. (JL x ^ ±2 means that each one is also a character of M(3). The result follows. D 

Let s^2(C) be the Lie algebra of SL2{C). Then we have the adjoint representation Ad : SL2{C) — > 
Aut{sl2{C)). For a representation p : tti{M{3)) -^ SL2{C), let H^{M{3);sl2{C)p) be the first 
cohomology group with coefficients in sl2{C) twisted by the composition Ad o p. 

Proposition 5.12. Suppose that p : 7ri(M(3)) — > SL2{C) is irreducible. 
Then H^{M{3); sl2iC)p) = 0. 
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Proof. By [RWl Theorem 1.1], M(3) is not toroidal. Since iJi(M(3);Z) is finite, M(3) is a small 
Seifeit fibered space. By the preceding Lemma 15.111 M(3) has irreducible representations, so 
7ri(M(3)) is not cyclic. By [BZTT Proposition 7], H^{M{3);sl2{C)p) = 0. D 

Remark. For the other eight exceptional surgery slopes ±1, ±2, ±3, ±4, we also have the explicit 
irreducible representations with infinite images. Hence their fundamental groups are all non-abelian 
and infinite. We omit the details here. Hence, Proposition \5.lA holds also for M{zizl), M(ib2) and 
M(-3). 

Now we turn to the proof of Theorem 15.71 We need to find explicit expressions of the traces 
F{x, z), G{x, z) of p{X) and p(aX) respectively in terms of traces of p{a) and p{af3). 

We need some preliminary lemmas. For A, B, C £ SL2{C)), we have the following identities on 
their traces IWl 



(5.11) a{AB) = a{BA); 

(5.12) a{A)=a{A-'); 

(5.13) a{AB) = (7{A)a{B) - a{AB~^); 

(5.14) a{ABC) = a{A)a{BC) + a{B)a{AC) + a{C)a{AB) - a{A)a{B)a{C) - a{ACBy, 



fn— 1^_(' A\ _/ A'm—'2\ 



(5.15) For m > 2, cj(A"') = a{A"'-')a{A) - a{A 

Notice that (|5.1H) is true for any n x n matrices. It is easy to see that (|5.14|) and (|5.15)) follow 
from (|5.13j) . Equations (|5.12j) and (|5.13|) can be checked by direct computations. 

Now for p £ R{M), set a = p{a), b = p{f3), x = a{a) = a{b) and z = a{ab) = a{p{a(3)). 

Lemma 5.13. (i) cr{a'^) = x^ — 2. 

(a) a{a~^b) = a{ba~^) = a{b~^a) = a{ab~^) = x'^ — z. 

(Hi) a{b-^aba-'^) = ala-^bab"^) = z^ - x^z + 2x^ - 2. 



Proof, (i) By (|5.15() . a{a'^) = 0"(a)^ — (t(/), where / is the 2x2 identity matrix. 

(ii) By (ICTl . a{a-^b) = a{ba-^) and a{b'^a) = a{ab-^) ; by KTBi . a{ab-~^) = a{ba-^); by 
Km . a(a.b^^) = X? - z. 

(iii) By the subdivision {b^^a)ba^^ and (|5.14|) . we have 

a{b-''aba-'^) = cr(6"^a)o-(6a"^) + cr(6)cr(6"^) + cr(a"^)cr(6"^a6) - CT(6"^a)cr(6)cr(a"^) - a{I). 

Therefore, 

cr(6~^a6a"^) = (x^ - zf + x"^ + x^ - (x^ - z)x'^ -2 = z"^ -x^z + 2x^ - 2. 

The proof for a{a^^bab^^) is the same by the subdivision {a~^b)ab~^, and we omit it. D 

Lemma 5.14. (i) a{a^^a^^b) = x(x'^ — z) — x; 
(ii) a{ba~^a-^b) = x^ - zx^ - 2x^ + 2; 
(iii) a{ba^^a^^bab~^) = x'^ — z. 
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Proof, (i) By (|5.i:-{j) . we have 



a{a-\a-^b)) = aia-^)a{a-^b) - a{a-^b 



U-i, 



a 



By Lemma 15.131 each term of the right-hand side is known. Hence, 

a{a^ a^ h) = x{x — z) — x. 

(ii) By dnsi), 

a{b{a-^a-^b)) = a{b)a{a-^a-^b) - a{bb-^aa) = a{b)a{a-^a-^b) - a{a^) 

The formula follows, 
(iii) By (EHH), we have 

a{{ba-^){a-^b){ab^^)) = a{ba-^)a{a-^bab-^) + a{a-^b)a{l) + a{ab-^)a{ba-^a-^b)- 

a{ba-^)a{a-^b)a{ab-^) - a{a-^b) 

Plug in what we know on the right-hand side and simplify, we obtain the formula. D 

Lemma 5.15. (i) a(ab^^a) = a{aab^^) = x"^ — zx — x; 
(ii) a{aab) = xz — x; 
(iii) a{ab~^aba~^) = x 

Proof, (i) a{a{b~^a)) = a{a)a{b~^a) — o-(6), and a{a{ab^^)) = a{a)a{ab~^) — a{aba^^); 

(ii) a{a{ab)) = a{a)a{ab) — a{ab~^a~^) 

(iii) a{a{b-^aba-^)) = a{{b-^aba~^)a) = a{b~^ab) = x. D 

Proof of Theorem \5.1\ First, let us compute F{x,z) = a{p{X)), the trace of /5(A). By (|5.14|) . we 
have 

o-((6"^a)(6a"^)(a"^6a6"^)) = cr(6"^a)o-(6a"^a"^6a6"^) + cr(6a"^)cr(a6"^)+ 

a{a'^bab^^)a{b-^aba^^) - a{b'^a)a{ba-^)a{a-^bab-^) - a{I) 

By Lemmas 15. 131 and l5. 141 we know all the terms on the right-hand side. Notice that {x, z) £ Xq, 
hence z^ — (1 + x^)z + 2x^ — 1 = 0. Now divide the right-hand side hy z'^ — {1 + x'^)z + 2x^ — 1, the 
remainder is F{x, z). we calculate that F{x,z) = x^ — 5x^ + 2. 

For the trace of p(aA), we have 

a{{ab~^a){ba-^){a'Hab-^)) = a{ab-^a)a{ba-^a-Hab-^) + a{ba-^)a{aab-^)+ 

a{a^ bab^ )a{ab^ aba^ ) — a{ab^ a)a{ba^ )^(o^ bab" ) — a{a). 

By Lemmas 15.131 15.141 and 15.151 we have all the terms on the right-hand side. Then we divide 
the result of the right-hand side by the polynomial z^ — (1 + x'^)z + 2x^ — 1 = and G{x, z) equals 
the remainder. We calculate that it is (4x — x'^)z + {x^ — 4x^ — x). D 
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